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[Notation and Symbols have their usual meaning] 

 

1. Answer any six questions:             6×5 = 30 

(a)  Show that the ring 𝑅 =  {𝑚/𝑛: 𝑚, 𝑛 are integers 𝑎𝑛𝑑 𝑛 is odd} is a principal ideal 

domain. 

[5] 

(b)  Determine ′𝑎′  such that the polynomial 𝑎𝑥2 − 4𝑥 + 8 can be expressedas product of 

irreducible elements inℚ[x]. 

[5] 

(c)  Is 𝑓 𝑥 = 𝑥4 − 2  irreducible over the ring 𝑍 𝑖 of Gaussian integers? Support your 

answer. 

[5] 

(d)  Let 𝑆 =   1,0, 𝑖 ,  1,2,1  be a subset of  ℂ3. Compute 𝑆⊥ . [5] 

(e)  Let 𝒫2be the real inner product space consisting ofall polynomialsover  ℝ  of degree 

≤ 2 with respect to the inner product,< 𝑓, 𝑔 >∶=  𝑓 𝑡 𝑔 𝑡 𝑑𝑡
1

0
. Deduce an 

orthonormal basis of 𝒫2 with respect to given basis {1, 𝑡, 𝑡2}.  

[5] 

(f)  Let 𝑉 be an inner product space and let 𝑊 be a finite dimensional subspace of 𝑉. If 

𝑥 ∉ W, prove that there exists  𝑦 ∈ 𝑊⊥but < 𝑥, 𝑦 >≠ 0. 

[5] 

(g)  If 𝑓 ℝ2 ∗is defined by 𝑓 𝑥, 𝑦 = 2𝑥 + 𝑦 and the linear transformation T:ℝ2→ℝ2 
is 

given by 𝑇 𝑥, 𝑦 =  3𝑥 + 2𝑦, 𝑥 , then compute 𝑇𝑡 𝑓 , where  ℝ2 ∗ is dual of ℝ2 and 

𝑇𝑡 , the transpose operator of  𝑇.  

[5] 

(h)  If 𝑊 is a subspace of 𝑉 and 𝑥 ∉ 𝑊, prove that there exists 𝑓 ∈ 𝑊0  such that 𝑓 𝑥 ≠

0, where 𝑊0 = {𝑓 ∈ 𝑉∗: 𝑓 𝑥 = 0, ∀x ∈ 𝑊}, annihilator of 𝑊.  

[5] 

 

2.   Answer any three questions:          10×3 = 30 

(a) (i) Show that ℤ 𝑋 /< 1 + 𝑋2 > ≅  ℤ 𝑖 , where < 1 + 𝑥2 >is the ideal generated by 

1 + 𝑥2. 

[5] 

 (ii) Prove that aunitary and upper triangular matrix must be a diagonal matrix. [5] 

(b) (i) Let 𝑉 = 𝔽𝑛  and let  𝐴 ∈ 𝑀𝑛×𝑛 𝔽 .Prove that < 𝑥, 𝐴𝑦 > = < 𝐴∗𝑥, 𝑦 > for all 

𝑥, 𝑦 ∈ 𝑉,where 𝐴∗ is adjoint of 𝐴. 

[5] 

 (ii) Factorize 𝑥𝑝 − 𝑥 into irreducible polynomials in ℤ𝑝 𝑥 . [5] 

(c) (i) Show that 𝑓 𝑥 = 𝑥2 + 8𝑥 − 2  is irreducible over ℚ. Is it irreducible over ℝ? Support 

your answer.  

[5] 

 (ii) Give an example to show that in a UFD, 𝑅,the gcd of two elements 𝑎 and 𝑏 of 𝑅 

need not be expressible in the  form of   𝛼𝑎 + 𝛽𝑏, α, β ∈ 𝑅. 

[5] 

(d) (i) For subspaces 𝑊1and 𝑊2 of a vector space 𝑉, prove that 𝑊1 = 𝑊2 if and only if [5] 



𝑊1
0 = 𝑊2

0. 

 (ii) Suppose that 𝑊 is a finite dimensional vector space over a field,and 𝑇: 𝑉 → 𝑊 is 

linear. Prove that 𝑁 𝑇𝑡 =  𝑅 𝑇  
0

, where 𝑁 𝑇𝑡 , 𝑅 𝑇  denotes respectively the 

kernel of  𝑇𝑡and range o𝑓 𝑇. 

[3+2] 

(e) (i) Let 𝑇 be a linear operator on an inner product space 𝑉, and suppose that  

∥ 𝑇 𝑥 ∥=∥ 𝑥 ∥ for all 𝑥 ∈ 𝑉. Prove that 𝑇 is one-one. 

[5] 

 (ii) Let 𝑉 = 𝔽𝑛  and let 𝐴 ∈ 𝑀𝑛×𝑛 𝔽 . Suppose that for some 𝐵 ∈ 𝑀𝑛×𝑛 𝔽 , we have  

< 𝑥, 𝐴𝑥 >  =  < 𝐵𝑥, 𝑦 > for all 𝑥, 𝑦 ∈ 𝑉. Prove that 𝐵 = 𝐴∗, where 𝐴∗ is adjoint of 𝐴. 

[5] 

 


