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Subject: Mathematics
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(Riemann Integration and Series of Functions)
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The figures in the margin indicate full marks.

Full Marks: 60

Candidates are required to write their answers in their own words as far as practicable.

[Notation and Symbols have their usual meaning]

Answer any ten questions:
Define f:[0,1] » Z byf(x) = [3x]. Examine whether f is R-integrable.

[} F(x) dx, if it exists.

10x2=20

Evaluate [2]

Let f be continuous on [a,b] and let fab f(x) dx = 0. Show that the set {x € [a, b]: f(x) = 2]

0 } is non-empty.
Letp(t) = [ te™dt,t € [0,m]. Find (), if exists.

Define f:[0,7] - R byf(x) = sinx. FindSup {|f(a) — f(b)|:a,b € [0,7]}.

FindB(m, 1)for m>0.

T dx
Test the convergence of j —.
X
5

dx
xlog x

Show that J. diverges.
3

Evaluate whether J.COS xdx is convergent.

2

b b
Let {f,}be any sequence of functions on [a,b]. Is lim _[ f,(X)dx = J‘ limf, (X)dx? Give
n—0 N—o0
a a

reason.

Examine the pointwise convergence of Z:e”X sinnx.
n=1

Is the series Zcos nx a Fourier series? Justify your answer.

n=1

Find the sum of the series 2(2n +3")x", with its range of validity.

n=0

If Z:anxn converges for all real numbers X, then find lim Sup |a, | n
n—o

n=0
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M . &xX" 2]
Find the interval of convergence of the series Z—

n=0 n!
0 2 2
©) Find the radius of convergence of ZZ“XZ”. g
n=0
2. Answer any four questions: 4x5 =20
@ () _ b [3]
Let f be continuous on [a,b]suchthat f(x)>0,Vx e[a,b]. If I f(X)dx =0,
prove that f(x)=0,Vx e[a,b].
(i) Define f on [0,] by [2]
f(x) =1, if xis rational in [0,1]
=0, otherwise.
Examine whether f is R-integrable.
(b) (1) Let f and g be real valued continuous functions on [a,b] such that [3]
b b
I f(x)dx = _[ g(x)dx. Show that there isa ¢ €[a,b] such that f(c)=g(c).
(i)  Define f:[0,1] = R by [2]
f(X)=in, if%<x£%,n€ N,a>1
a a a
=0, ifx=0.
Examine whether f is R-integrable.
(© X gm [5]
Let x € (—1, 1]. Show that jt—ldt —>0 as m— .
+
0
(d) A function f is defined on [0,1] by f(0)=0 and [5]
n+1 1 1
fX)=-D""(n+1),for — <x<=;n=12_3,....
n+1 n
1 1
Examine the convergence of J f (x)dx and _[| f(x)|dx.
0 0
() Show that the sequence of functions {f_} defined by [5]
f,(x)= ke , X >0 is not uniformly convergent on [0, ).
1+nx
Examine the uniform convergence of {f }on [a,o) if a>0.
() If f(x) = {m — |x|}* on [-m, 7], prove that Fourier Series of f is given by [5]
m? o 4
EY + Z; 0z Ccos nx.
Hence deduce that Z;‘len% = 5
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3. Answer any two questions:

(@)

(b)

(©)

(d)

(i)

(i)

(i)

(i)

(i)

State and prove the Second Mean Value Theorem of Integral Calculus in Bonnet’s
form.

2

X
Evaluate lim - eVt
x—0 X

Show that J.Xm_le’xdx is convergent if and only if m > 0.
0

.1
1 SIN —
Test the convergence of j —Xdx.
0

Jx

The sequence of functions {f } is defined on [0,1] by f (X)=x"—x"",x [01].

Examine the uniform convergence of {f, } on [0,1].

For each n, f (x)=1-nx, for OSXS1
n

=0,for1<x§1.
n

Examine the pointwise convergence and the uniform convergence of {f.} on [0,1].

1 2X 4x3 x’ 1
Show that + >+ yias 8 g e =——,VX,—1<x<1.
1+x 1+x° 1+x" 1+X 1-x
Expand in a series of sines and cosines of multiples in X of the function given by

f(x) =x—mwhen—-mTt<x<0

=m—x,when0 <x <.

What is the sum of the series for x =+ and X =07
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