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B.A./B.Sc. 4th Semester (Honours) Examination, 2023 (CBCS)
Subject : Mathematics
Course : BMH4CC08

(Riemann Integration and Series of Functions)
Time: 3 Hours Full Marks: 60

The figures in the margin indicate full marks.

Candidates are required to give their answers in their own words
as far as practicable.
Notation and symbols have their usual meaning.

Group-A
(Marks : 20)

1. Answer any ten questions: 2x10=20

(a) Let f : [1,2] - R be continuous on [1,2] and flzf(x)dx = 0. Prove that 3 ¢ € [1,2] such
that f(c) = 0.

(b) Find lim = [sintdr.

() If f:]a, b] — R is Riemann integrable on [a, b], then prove that there exists pmsSp<sM,
suchthatf f()dx = p (b —a), where M = Sup f(x), m = mf f(x)

asxshb
(d) Prove that [(n + 1) = n[(n).
(e) Let f :[0,10] - R be defined as f(x) = 0, when x € [0, 101NnZ
=1,whenx € [0,10] - Z.
Prove that f is Riemann integrable on [0,10] and evaluate ) 010 Fle)dx.

(f) Evaluate, if exists f37 [x]dx. ([x] is the highest integer not exceeding x)

1 n-—1

pa
dx.
X

(2) Examine the convergence of f
0

(h) Examine, whether the sequence of functions {f;},, ¢y on [0, 1] is uniform convergent or not,
where f, (x) = — ,x € [0, 1].

22x2 3343

+3!

(1) Determine the radius of convergence of the power series + o

(j) A function f is defined on [0,1] as f(x) = lf <X < ,n=123,"
= 0 1f x=0.
Prove that f is Riemann Integrable on [0, 1].

(k) Let f(x) be the sum of the power series Y ,a,x" on (- a, a) for some a > 0. If
f(x) = f(=x) for all x € (—a, a), show that a,, = 0 for all odd x.
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(I) Test the convergence of fooo e *?dx.

(m) Examine if 3,77 ; sinnx is a Fourier series or not, give reason in support of your answer, in
[—m, 7.

. 0
(n) Show that the series z e R converges for no value of x other than 0.

(o) It is given that i the Fourier series of the function f(x) = = (n x) in [0, 21].
n

n=1
What is the value to which the series converges at x = g ?
Group-B
(Marks : 20)
2. Answer any four questions: 5x4=20

(@) If f:[a,b] >R is continuous and F(x) = f;cf(t) dt,x € [a,b], then prove that F is
differentiable at any point ¢ € [a, b] and F'(c) = f(c).
(b) Establish the relation f(m,n) = ((mm)+(n)) m,n > 0, where the notations have their usual

meaning.

(¢) (i) If two power series Y a,x™ and Y% b, x" converge to the same sum function in an

interval (—r,7),r > 0, then show that a, = b, for all n.

(i1) State Dirichlet’s condition concerning convergence of Fourier series of a function. 342
(d) @ If f:[a,b] > R is continuous, f(x) >0V x € [a, b] and f:f(x)dx = 0, then prove
that f(x) = 0V x € [a, b].

b .
f sinx
x
a

(e) If {fu}nen is a sequence of Riemann integrable functions on [a,b] which converges

(i) Show that S%for0<a<b<00. 342

uniformly to a function f on [a,b], then prove that f is Riemann integrable on [a, b] and

hm (f fn(x)dx) ff(x)dx 3+2

(f) (1) If the series Yoy f,,(x) is uniformly convergent on [a, b], then prove that the series

2in=19(x) f,(x) is uniformly convergent on [a, b]., given that g is a bounded function on

[a, b].
o 3
(i1) Prove that the series (n—HLXn is uniformly convergent on [—3, 3]. 3+2
q 3" ns y g
n=
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Group-C
(Marks : 20)

3. Answer any two questions: 10x2=20

(@) (i) If f: [a,b] - R is Riemann integrable on [a, b], then prove that | f1 is also Riemann

integrable on [a, b]. Give an example to show that the converse is not true.

E 2
(ii) Prove that %2 < f fx dx < 2% (4+2)+4

m Sinx 9

6

(b) (i) Let f:[a,b] - R be a function, ¢ € (a,b) and f be Riemann integrable on [a, c] and on
[c,b]. Prove that f is Riemann integrable on [a, b] and fac f(x)dx + fcb f(x)dx =

f: f(x)dx .

(i1) State and prove Weierstrass M-test for uniform convergence of a series of functions.

5+(1+4)

[ee]

(c) (1) Show that the improper integral f % dx is convergent but not absolutely convergent.
0

(1) If a power series Yn-oa,x™ has a non-zero radius of convergence, then show that the
s e s 5 o] - &
differentiated series Zn_ L napx™ ! has also the same radius of convergence.

nl(x+2)"
nn

[o2]
(iii) Determine the radius of convergence of the power series Z 4+4+2

n=1

(d @) If a function f is bounded and integrable on [a,b], then prove that
) b
lim [ f(x) cosnxdx = 0.

n—co
(if) Let f() = Fx,0<x <7
T T
= - — - <
4(n x),2<x_n.

1.[2

'8— ¥
5+5

Find the Fourier Cosine series of fon [0, 7t]. Also deduce that iz + iz + iz + 00 =
~ 12325



