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B.A./B.Sc. 3rd Semester (Honours) Examination, 2019 (CBCS)

Subject: Mathematics

(Group Theory-I)

Paper: BMH3 CC-06

Time: 3 Hours Fu Marks: 60

The figures in the margin indicate full marks.

Candidates are required to give their answers in their own word.s
as far as practicable.

(Notations and Symbols have their usual meaning.)

Group A

1. Answer any rerz questions:
2x10=20

(a) Give examples of two non-Abelian groups of order g.

(b) Show rhar Za = ( 3 ).

(c) Give an example ofinfinite group ofwhich every element is offinite order.

(d) If G is a group and 11 is a subgroup of index 2, prove that 1l is a normal subgroup of G.

(e) Let a be an element of order 3 in a group G with indentity e. If ak = e, where are the
possible values oft?

Find the order of each element of the group e of rational numbers under addition.

What is lhe order of rhe permutation

ll 23456\"
\2 1 5 4 6 3)'

Express the permutation (1 2 3 4 5) as a product of 2-cycles in two different ways.

What is the order of a permutation which can be expressed as the product of two disjoint
cycles of lengths 4 and 6?

() Suppose G is a cyclic group oforder 20. How many subgroups does G have?

(k) What is the order of any non-identi ty element of Z3@ Z3 @ Z3?

(l) What is rhe order of 5 + (6)inthefactorgrotpZr6/(61?

/mt Find ail rhe generarors oI Zro .
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(n) Let a, b be two elements of a finite group G such that . (a) = S, b * e and aba-7 = b2.
Find . (b), where " (c) is the order of c € G.

(o) Finda.poa-1 where a = (1 3 57) and B =e48)"(1 36) €.!r.

Group B

2. Atswer any forr questions: 5x4=20

(a) Prove that the order of the subgroup 11 of a finite group G divides the order of the goup G.

Does the converse hold? Support your answer. ?r?-{

(b) Define the cente Z(G) of a grotp G.prcyethatZ(G) is normal subgroup of the group G.

1+4=5

(c) Show rhat the set.s = t([ ), (;t ?), (} _rr), (7 _0r)) i, u g,o,p under marrix

multiplication. Is it Abelian? Justify your answer.

Show that A.5 has no normal subgroup.

3+2=5

5
(d)

(e) Let G1and. Gz be groups and <p : G, + Gz be at isomorphism. hove that for every a € Gr,

the order of a is the same as the order of g(a). Use this fact to prove that Zs@ 22 Is not
isomorphic to Za@ Za .

(f) Prove that the mapping q tZ A Z -.> V., defined ay I (@, b)) = a - bv (a,b) eZ@ Z,

is a homomorphism. What is the Kernel of Q? 3+2=5

Group C

3. Answer any tu,o questions: l0x2=20

(a) (i) Find all homomorphism from (Zs,+)to (26,+).

(ii) Let H and K be two subgroups of a group G. Suppose K is normal on G. prove that
H HK

HAK K,

(iii) Is R under addition a cyclic group? Support your answer. 3+5+2=10

(b) (i) LetG = ( a ) be a cyclic group of order z. hove that G = < ak ) itt gcd (k, n) = t.

(ii) List all rhe subgroups of Z.o.

(iii) Let a be an element of a group and the order of a be 15. Compute the orders of
aeand a4. 5+3+2=10
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(c) (i) Prove that the intersection of two normal subgroups of a group G is a normal subgroup

of G.

(11) If M and N are normal subgroups of a group G then prove that MN is a normal

subgroup of G.

(iii) If G is a finite group and N is a normal subgroup of G, prove that . f:,) = 1? .- \ru1 "(N)

(. (A) denote the order ofA). 4+4+2=10

(i) Let G be a group ard QG) be the centre of G. If the quotient group G /Z(G) is cyclic

then prove that G is Abelian. Hence prove that if G is a non-Abelian group of order

p3 (? being a prime) then the order of Z{G) is 1 or p.

Find the centre of the dihedral group Dn.

Does the group of integers under addition have a finite subgroup? Support your

answer. (4+2)+2+2=10

(d)
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