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Introduction

In Mathematics, the Laplace transform is an integral transform is an Integral

transform named after its inventor French Mathematrcian Pierre-Simon

Laplace(1749-1827),and systematically developed by the British Physicist

Oliver Heaviside(l8sO- 1925),to simplify the solution of many differential

equations that describe physical processes.

The technique of integral transforms is a powerful and indispensable tool for

modern applied mathematics or theoretical physicists for successful

investigation of boundary value problems arising in mathematical physics.

Laplace or Fourier transforms are generally used to solve a boundary value

problem where the governing partial differential equation is linear such as the

Laplace's equation or the modified Helmholtz equation in the rectangular

Cartesian co-ordinate system (cf,sneddon( 1 979)).Most of the integral

transforms and their invertion formula are available in standard books on

integral transform Erdelyiet al.( 19 54).
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What we want to study in this project:

ln this work we will cJcscribe thc applicatiorr of Laplacc translonrration in

solr,,ing clit-tcrcltial ccluatiop t[curctic:3ll-1 stcp by stc;l lllfinllcl'. Iiirst rlc dclrlrc

it, thcrr dcrivc conditions undcr which it cxists. A licr that wc obtain Laplacc

tr-apstbglation apcl inl'crsc ot'somL- clcmcntary'lunction.'['hcn wc discrtss

l,aplacc translirgrr ol- cJcrivativc o1' a lur-rction which is vcrv importarrt in this

co,tcxt.'l'his w,ill bc lirllorn,e-cJ bt,proccclr,rrc o1'solring clil't'crcntial cclttatit-rn,

Ncxt \\'c validatc this proccdurc bv cliscttssit-rt-t tll- a particular di1'1-crcntial

ccl uatiott.

Picccwisc oontinLtous lunction :

z\ lr.rpctign l"(f) is saicl to bc 1'licccw,isc corrtinLloLrs lirttction olt tl closcd irltcrral a S t S

il'thc inten,al catl bc subdiviclctj int llnitc nutlbcr ot'intcn'als"in cach tll- r'lhich /(f)

r:ol.ttillu()us ltttcl ltrts llnitc righl ancl lcli halltJ linrits.

l:\lunplcs:

('onsirlct' tltc 1t-tttctiorl f' dcllncd

/' is picLrL'\\ isc ctltrtitlttotts olr c\ L'l'\

0<r
t

0<t Itlr cvcrr posilir t' tlttnlhcr

b(>'2)

,\t [ = 2" trc harc f('2 )=linr1 ,2 f@--l
f (2r ) = lint, ,, r f (t): *1

'['lrc g.raph o1' I Q)is shor'r'n in thc figLrrc

b

is

b1

f(
<2
>Z

< h,

r) = {li
lrrritc irrlcl'r'ul
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Functions ol- Iixpolcntial ordcr:

A turncti.n f (t) is said to bc cxponcntial orclcr i1- the'rc cxists Ll constatlt cr and

positil'c ctlnstattts t0 at-lcl M such that

e uLlf(r) | < l\4 lirr all t ) to at u,hich /'(r) is dclrnccl.

M.rc cxplicity,, i1'/. is ol'cxponcntial orclcr corrcsponding to sorrlc de'llnitc

ctr,stant cr, t6cll \\,c sa1 that f ts.t'cxpollcrrtial o'clc' e"(,

Irxamplc:

l:rcr.r b,rr,clccj tupction is ot'cxpor-rcntial clrclcr' lvith ct'lnstanl (t - 0"1'hurs

si1(bt ) ancl cos(bl) arc 9l'cxpollcntial or"clcr"

6onsiclcr. thc lupction /(r) -- ent rln ltt is ot'cxponcntial tlrdcr. o - (t'

Wh iuh is hortnclcd 1or all t '

Also copsiclcl thc luncti'n /'(f) : t't , t^L ) 0 thc'

e--oLlf (t)l: e-qt{1

l;clt' anY u > 0, lirrl,,,, le rrr1rr = 0''l'hus thcrc cxisls M ) 0 ancl f" ) 0

Stttlhtltitr0rrt|f(t)|:ettt7.rt<t\4,fot-L>

I Icrrcc /(r) = {t is not ol'cxponcrrtial o|clcr'. r.r'itlr thc ctttlstatrt a cqual to atlY

pcisiti \/c lt ittlt bcr.

'l.hc tirnction l(r) .= e,'is not o1-crponcntial orcle't'. e 
"'xt lf (r) l: eLt ttt is

rrrrbpunc-lctl as f -*>lr: tot'all rr.

"-3*



Theorem:

A comparison test for improper integral:

I ) Let g and G be real functions such that,

0 < g(t) < G(r) on a <f ( oo

2) Suppos , If G G)dr exists.

3) Suppose g is integrable on every finite closed subinterval of a 1f ( oo.

Conclusion:

rhen I: s(t)d.bxists.

Theorem:

Hypothesis:

I ) Suppose the real function g is integrable on every finite closed

subinterval of a S f ( oo.

2) Supposr- f : ls(t)ld bxists.

Conclusion:

Then f g(t)d.&xists.

Hypothesis:

Let f be a real function that has the following properties.

l) f is piecewise continuous in every finite closed interval 0 < t 
= 

b(b > 0).

2) f is of exponential order, that is,

3q.,14> 0andfo)0s.t, e-il1f(t)1 <Mforf )to.

^4-



Conclution:

The Laplace transfor- f* t-' f(t) of / exists for s ) q

Function of class A:

A function f (t) is piecewise continuous function on every finite intervai in the

range f > 0 and is of exponential order q as f -> oc then f (t) is called function

of class A.

Integral Transform:

An improper integral of the form

trK(s, t)F(t)d t

is called integral transform of F(t) if it is convergent. Sometime it is denoted by

/(s) or I(F(r)). Therefore

/(s) = TtF(r)] = ,|"*K(s, t)F(t)d" t

The Laplace Transforrn:

The function K(s,r) appearing in the integrand is call Kernal of the

transformation. Here s is a parameter and dependent of f, s may be real or

complex number.

Ifwe take K(s, t) : f(x) - {u-s 
t r > o-t o, r<o

Then the above transformation become

/(s) : rtF(r)) - /* F G)e-' d t

This transform is known as Laplace transform.

"5"



I)c tlpition o l'' Laplacc'franslorm :

l,r.t /,(f) bc an arbitrary lunction clctinccl on thc intcrval 0 < t /-'r-t, thcn thc

I aplacc transtbnn ot'f (r)clcnotcd as L{f(t,)} ,,, f (t) is cJcflnc as

t,{f(t)} - /{, - I,, e.'t f (L)ctt

Ili-.I.c /. is callccl I aplacc tt'anslornr opcrator.'l'hc paralxctcr s is rcal clr ctlmplcr

l.rLl,rbcr. ln gcncral thc paramctcr s is takc'n to hc a rcal positive'nutlbe'r'

.l'hcorcrr 
rcgarcling cxistcrlccr o l' Laplacc translorms:

ll./ (r) is a lirnctiorr o1'clas A, thcn Laplacc tratrsf orm ol- f (r) or l,tf (r)) erists

l'orall sla.

T'hc invcrsicln lrormula lor thc l-aplacc transf orm:

It'//(-s) is ap analttic lirrrction ot'thc colnl)lcx t'irriat-rlc s ittrel is ol'tl|clct"

0(p * ) i, sor-pc hall'planc Re(P) > f \\hcrc y anrl k arc rcal ctlrtstattts and

lr > 1, thct-t thc'intcgrall

f r iffi,,, - [ ,'-* ,' ,7, 
e 

tx l" (s) ds

Altr.g ap1 linc /? e(p) : r: > y convcrgcs to a firrtctiorr /(x) wlrictr is

i'rdepcndcnt of c and whosc Laplacc transtonn is /"(s), /f e(s) > Y'

l;rrr-therr.utot'c, ttrc lirpction f (x) is continLloLls tbr cach v )- 0 ancl is

0 (et t ) a.s { -) :-/ 1c: t. Sttccltlon ( I t)7t) ))

Irr t5c tbllowing scction wc will discLrss sonrc basis propcrlics o1'['aplacc

transtbr,r ancJ tn, to llncl bchar,'iour ot'sc-rmc clctnclltilrv lirrlctiott ttncJcr tlris

translilrrtratiorr,

e-



I )/,{/1 (r) +- fr(t)} = t,{/, (r)} + I,{,[r(t)]

Sirrcc(sin ut)z -ltl - c;os'Zat),

:'rr,t I ) - 1 /,1.,, s'i,ctt)

/,{1} * J ancl /,{cos Zat} -

[,inoarity propcrty ol. Laplacc transltlrtn:

Lct fl ancl frbc tw,o lunctions whosc I.aplacc translbnlr cxist" thcn

2\ l,lltf (r)] : pl,{f (r)} lr'hcrc,u is a constatrt'

(. urnbining ( I ) arrd (2), wc can writc

l,t[trt'rQ) * ltzlr!)] = Utl,tfr(r)] + #zl]lr(r)] nvhLrrc fl1 and p'2 arc

cot'tstatrts.

Irxamplc:

Irirrcl /,{(sin af)'}

Wc lrar, c, /,{ (si rt at')'\ = t,t: I .nt }at}

'lhcn 
1,1(s in ut)'i : -:!!-wr)' 

.s(.,, t4tt)\

s) +4 a"

7-



Laplace transform of' some elcmentary f'unctions:

l) c (constartt)

'['hen

7('t

l) Lct/(t) = e"t

'[hen

il , 
'st 

ntrt 6Y

lim6 ,, [:e 
-(' a)t dt

; (1 - limn ,, e- (s- ull)

*, l'o' s ) a'

rcsting rcsult can bc obtainccl from hcre. Il-we takc f (t) = Qio' tht'-'

-/(s) -*
can bc obtaincd prcvious rcsLllt hy rcplacing a by ia'

=-t,{l(rr,-L e
'ttc dt - c

- t' dt,

=( Iim, ,, !: e-'L dt

9lin',r, ,, (1 - ,- srtl
.S

= * + i+ , (using lirtcat'1rt'opctlr )

s)1tl/ s/ lQ' a

,!'Y In"'

/tt) = i f ,' s ) o

An intc

t,tr'"t\

Which
s+ ta

/,{co s at * i sin at} *

* L[cos ut] * l/,{sin

s?'+a

atl}

"l'hus
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l:cluating rcal and parls lrorn both sidcs,

.s

.s'l + ail

Q

c-'' 1- e'?'

imaginary

/,{cos or}

/,{sin at}

3) I.ct f (t) =: tt' ,v'rthere n i s a positiue inte qer 
'

'l'hcn

/(rl - {' e'-'t trl dt

- l' c: tt 
t{" ! du srrbstitrrting ?/ -- sl, .s } 0

J() - 
-sn .t

- -1 f ' e ,,Lt" clLr
.5]1 i-l J0

- Ir(rJ l) lsince II'(n) * L* e - x x,r , d*l
.sn+ I I

.= jh l.sirrce ll'(n + l) __- rr!l

'ltrus /'(s)-#s)0

Laplace translorm ol'somc wcll known lu nction s:

f (t) L{f (r) } o' /1r1 I

I

l

cls

i

I

I

I

1
I

I

l

I

I

l

l
l

I

I

I

I

1

l
I

I

I

.t'

a

+
a

5'

I

I

I
l

I

I

I

I

i

I

I

I

I

I

i
i

I
t..

cos aI

.s0

s2+aZ

sin af

sinh a f

s2 Q2

s2-e2

cosh a t

1-
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'l'hus ltrr largc 7'.

N6rv praking'/' -) oo, in thc ccluation ( l), wc havc

e -s'r 
lf u)l ( e -''r [\4 e,rr

t\4 e (s -a)'f -+ 0 lilr s > *

-- l',, ,(0), n bcing a positive' intcgcr'

i.c.,

/(o) + s [n" , " f (t)dt

- /(0)
il, "f'(r)=0--

t'{f '(r)} : s I'{f (t)}

Sr; tlir' tltctll"clll is pt"ilvcd'

ln gcttct'al r.r''c cittr rvritc

t'{f' (t)} : s t'{f"' (t')}

Translation property of Laplace transform:

hc a tunction. l,aplacc trattsfbnn cxist"s

a,

* a). ti-rt' s > u -f a.

llcplacing s (s-

/(s - n)

Ior s > u, thcn lilr anY

s ) a sincc /,{sinbt} * 7h,s > 0'

l.ct I (t)

con stant

L{e"'f(t)} -l(t

r)) : I;, '' l(r)ctt

a),, wc havc

- !,t/(r)) _. L- e- (' tt)t f (r)clr * I: r '' Ie(u f (r)]dt

* l,lr"tf(r))

['rocl f':

lrxanrp lc:

l,{rent sin /rf } :

t.lf (/(s ):

by'

Ir-

. ) ' 
'l )(s -o)' t)



'['hc convolution:

It
f (t) * s(t) = 

J,, 
f (r)s(t - r)dt

is callccl thc convgltttiotr of'thc tgpctions / ancl g'

l,ct f , g bctwo lunctions that arc picccwisc continuous on c\''crl' llnitc

ci.sccl intcrr,al 0 < t <b and ol-crponcntial ordcr.'l'hc l'urnction dcnotc'd by

f * g and dclincd bY

ll.tlre lunctions / and g be picccwisc continuous on cvcry f initc closcd

irrtcrr,,al 0 < t <b ancj ot'exponcntial ordcrordcrent,thcn

t,lf * 9\ = l'{f\l'{g} tbr s > 0'

Nou,rvc will solvc an initial r,'alurc problctn bv thc hclp Crl' Laplacc

t rrtrt s lbt'tn.

Initial valuc Prohlcm:

Solvc U+!:o

Srrb.icct to thc conclition y = 1 ancl # - 0 when f = 0'

Solgtion: clcarly hcrc y is a lunction tlt.f

l'hc gir,'cp clitl'crcntial ccluation can bc writtc'n as

Now *'c havc 1l'or, prc\' ::;:HI:t' 
- o

I'tf'(r)) : st'{f (r)}- /(0)'

I{cplacing l- trY /' o. havc,

I,{f"(r)} '- s't,tf' (r)} - f' (0)

Srrbstituing'thc valLrc o I l'{f '(r) }"

t,{f"(r)}: slst,t/(r)} - f(0)l - f'(0)

- l2-*



l,\f"(r)) = s''t'll.(r)) - sl(o) - l''(o)

So u"c can u''ritc

Our clilJcrcrltial ccluration is

y" (t) + Y(r) - tl

I'aking l,aplacc tratrstbrtl ol' sidcs'

t,{y"(t) + Y(t)} -- /'{0}

:; l,ty " (r) +- y(t) ] -_ 0 [ using lir-rcarity property I

* s.r r,Ly(r)] - sy(o) * y(0) + L{.v(r)} = 0

Substituing thc valttes o1' y(0) and y'(0)

(t'+ 1)t,tY(r)]*s:o

-4 !}y(r)] : Jt.
-) l,{Y(t)\: L[cos r]

=) y(f) -- cos t

Wc cati alstl solr''c bouncJarv valttc problcllls'

Iloundary valuc Problcm:

Solvc

t|? vj+r:o

Solution.

Our clill'crcntial ccltration is

y" (r) + y(t) = 0

t,ly"(r)) : s'2L[y(t)}--'s)'(0) * y'(0)'

Subicct to thc conclition y(0) : 0 ancl y (;) : 1'

- ts -



't'aking l.aplac-c tratrstortn ot- both sidcs'

t,ty" (t) * y(r)) - /,{0}

t.{y"(t) * y(r)} - 0 [using lir"rcaritl'pr"opcftyl

.sy(0) - y'(0) + _Q

I lcrc y'(0) is not given, lct Y'(0) 
* k '

s'2 I,[y(t)] - Ltv(r)]

Substituins thc valucs ol'y(0)

(s'

and y'(0)

-k-0
k

.s'1 1 'l

t,ty(r)) - k/,{sin r}

I,ty(r)) == !,{k sin r}

y(r) - k sint

Now = 'l 
, hencc

1-ksin1 *k- 1

'['hrrs ylt) - sin

ol' linear sYstem oIequation :

tJsc Laplacc '['ranstonn to tlnd solution ot'thc systcttr o1'oDtr

+ 1) L{y(r)}

t,lv(r) ) -_

, (;)

Solution

#-6x*zy
dy .)," _lir-zx-Y

* BeL

- -(/)
- 4et
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That satisfies the initial conditions

tr(O) - -1

y(0) - 0.

Solution:

Taking Laplace transform of both sides of each differential equations, we have

L{x'}
L{y'}

- 6L{x(r)} +

- ZL{x(r)} -
3Lty(r)] - BL{et}

rtyl)j- 4Lte';- -(B)

Now

Also

Then equation (B) becomes

Ltx' (r)) - sx(s) - x(0) - sr(s) + 1

L{y' (r)} - sy(s) - y(0) - sy(s)

L{e'} - *

(s-6)r(s)+3/(s):*-

-ZI(s)+(s-1)y(s):*

i.e.

(s - 6)r(s) + 3y(s) =

-21(s) + (s - t)f (s)
- -(c)

-s*9.m
4

Now after

unknowns

solving the linear algebraic

t(s) and y(s), *e have

s-1

system of the two equations (C) of two

rS-



- // \ -s+7't/l ol 
=\ / (s-l)(s-+)

-/ - 2
1rl Cl I : _r' \ ' (s- 1) (s-4)

Therefore

And

y(t) - L-1{r(s)} = l-7( 2,-'t1r_ ry,rq)

-XL-'{*} -ir'r*r
-?P+t - rt1

3

These are the required solution of the system of differential equations (A)"

Conclution:

In this work we introduce Laplace transform. After that we state existence
citeria of this transform. Then changes of some elementary function through this
transformation have been shown" Finally initial value problem, boundary value
problem and system of linear differential equation with initial condition have

been solved by this transformation.

- 16-
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